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ABSTRACT

We consider minimization problems of the Thomas-Fermi-Dirac-von Weizsidcker (TFDW) type in which the Newtonian potential is per-
turbed by a background potential satisfying mild conditions, which ensures the existence of minimizers. We describe the structure of
minimizing sequences for those variants and obtain a more precise characterization of patterns in minimizing sequences for the TFDW
functionals regularized by long-range perturbations.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5130565

I. INTRODUCTION

In this paper, we are concerned with energy functionals that include the Thomas-Fermi-Dirac-von Weizsicker (TFDW) model, a
physical model describing ground state electron configurations of many-body systems. More precisely, we consider the following variational
problem:

Iy(M) = inf{&Ev(u) : u e ' R),|[ul[oms) = M}, (1.1)

where the energy & v is defined as
Ev(u) = f]RS[|Vu(x)|2 + cl|u(x)|% - cz|u(x)\§ - V(x)uz(x)]dx
/ f u* (X)u’ (y)
"2 Jpe e |x—y|
with c1,¢ >0,
V>0, VeZ:R)+ LR )and‘ lim V(x) = (1.2)
The conditions above ensure that Iy is finite, &y is coercive in %" (R3) on the constraint set, and

ue AR / V() u* (x)dx
R}

is weakly continuous.
The TFDW model corresponds to the choice
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K

Vrr(x) = Z Tk (1.3)

,
o x -

with K € N, {a; }&_, ¢ R* and {r;}&, c R all fixed. In this case, &v(M) is to be thought of as the energy of a system of M electrons interacting
with K nuclei. Each nucleus has charge oy > 0, and it is fixed at a position . The total nuclear charge is denoted as

K
f:Zak>0
k=1

and plays a key role in existence results (see the works of Frank, Nam, and Van Den Bosch' and Lieb” for a survey).

In this paper, we explore the structure of minimizing sequences for I, with V' chosen to be a perturbation of the molecular potential
V1. Despite the coercivity of the problem, the existence of a minimizer for Iy is a highly nontrivial problem due to the lack of compactness
at infinity. For the unperturbed TFDW problem, V = Vg, Lions® proved that there exists a minimizer if M < 2 and Le Bris* extended this
result to M < 2 + ¢ for some € = ¢(Z) > 0. With regard to non-existence, Nam and Van Den Bosch proved that there are no minimizers if
both M is sufficiently large and % is sufficiently small, and Frank, Nam, and Van Den Bosch” proved the nonexistence of a minimizer for
M > Z + C, for some universal C > 0, in the case there is only one nucleus [i.e., K = 1 in (1.3)].

There is a special class of potentials V' for which the existence problem for Iy is completely understood. We say that V' is a long-range
potential if it satisfies (1.2) and

litm inft( ian(x)) = o00. (1.4)

— 00 |x|:t

For example, the homogeneous potentials V" (x) = |x|™" are of long-range for 0 < v < 1. For long-range potentials (1.4), Alama et al.® showed
that I'v(M) is attained for every M > 0. Thus, we may perturb the TFDW potential via a long-range potential of the form V" and think of this
as a regularized version of TFDW. We, thus, define a family of long-range potentials,

Vz(x) = Vrr(x) + Zz 0<v<l, (1.5)

o

with parameter Z > 0. By taking a sequence Z, — 0, we recover the TFDW model, but via a special minimizing sequence u, composed of
minimizers of the long-range problem, &'v, (u,) = Iv,. A special role is played by the minimization problem Iy, that is with potential V = 0,
which is the “energy at infinity” obtained by translating u(- + x,) with |x,| — oco. The existence properties for In(M) are analogous to those of
Iv,,: the minimizer exists for sufficiently small M > 0 [see Ref. 5, Lemma 9 (iii)], and there is no minimizer for all large M (see Ref. 7).

It will be convenient to introduce the following set of values of the constrained mass M in Iv(M),

My = {M >0 |IV(M) has a minimizer u € 32 (R?), fwuz = M}

It is an open question to determine whether .# v is an interval, for any choice of potential V.
In case u € S (R?) attains the minimum in Iy [respectively, uo € S (R?) attains the minimum in Io], the minimizers will satisfy the
partial differential equations (PDEs),

5 4 4 2 _
—Au+ §c1u|u|2 - gczu|u|§ - Vu+ (|u|2 * |- l)u = yu, (1.6)

5 i 4 2 -
—Aug + §c1u0|u0|3 - gczuo\uoh + (|uo|2 * |- l)uo = po, (1.7)

with Lagrange multiplier 4 induced by the mass constraint.
As mentioned above, the existence question is complicated by noncompactness due to translations of mass to infinity. However,
minimizing sequences may be characterized using a general concentration-compactness structure (see Refs. 8 and 3).

Concentration Theorem L1. Let {u,} .y be a minimizing sequence for Iv(M), where V satisfies (1.2). Then, there exist a number
N e NU {0}, masses {m'}Y, c RY, translations {x5} e - - - » {5 Yen € R?, and functions {ui}zo c S (R®) such that, up to a subsequence,
N s s
un() = ' (- = x3,) > 0in A (R?), (1.8)

i=0
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Iv(m®) = EvW®), Io(m') = Eo(u'),i >0,

in2 i (1.9)
where  |[u'|| g2 rsy = M,
Yom' =M, Iy(m’)+ Y I(m') = Iv(M), (1.10)
i=0 i=0
xh — x| > 00, i%]. (1.11)

The functions u' satisfy (1.6) for i = 1,...,N and u° satisfies (1.7), each with the same Lagrange multiplier u < 0.
Moreover, if V # 0, then we can take xg =0.

If a minimizer exists, then no splitting is necessary, and there exist minimizing sequences with N = 0. This occurs for Vz when the
mass is not much larger than the total charge, M < % + € (by Ref. 4), for instance, or for any M > 0 in the class of long-range potentials (1.4).
However, for TFDW with large mass M we expect splitting, but the pieces resulting from noncompactness must each minimize Iv or Iy for
its given mass, that is,

0 j )
m e My, meMoi>0.

The basic idea behind the result is very elegant and intuitive. Minimizing sequences u, for Iv(M) may lose compactness due to split-
ting into widely spaced components, each of which tends to a minimizer of I or (for those components which translate off to infinity) Io.
Asymptotically, all of the mass M is accounted for by this splitting. Although the pieces eventually move infinitely far away, they retain some
information on the original minimization problem in that they share the same Lagrange multiplier.

Concentration results of this type have appeared in many papers. For TFDW, a very similar result is outlined (although with possibly
infinitely many components «') in Ref. 3 and a proof of the exact decomposition of energy (1.10) for the case V = 0 is given in Ref. 5, Lemma 9.
Since this concentration theorem is central to the statements and proof of our results, we provide a proof in Appendix A. The finiteness of the
components is a result of the concavity of the energy & v for small masses, which we prove in Appendix B.

For perturbations of TFDW, we obtain more precise information on the splitting structure. In particular, when mass splits off to infinity,
the piece which remains localized must have mass m® > %, the total nuclear charge.

Theorem 1.2. Assume V satisfies (1.2) and

423

K
V(x) > Vip(x) = Y, ae. inR>,
k=1

|x — el

for some K € N, {og }&, c R" and {r}&, c R®.
Then, with the notation of Theorem L1, for any minimizing sequence {un},N of Iv(M), either M € . v or splitting occurs with
0 K
m > Z =Y 0.

Heuristically, this is a satisfying result: after splitting, the nuclei should still capture as many electrons as the total nuclear charge . One
might expect that it should be able to retain more electrons to form a negatively charged ion.

Finally, we consider in greater detail the loss of compactness which may occur for the long-range regularized families V', satisfying (1.12)
with 0 < v < 1. First, minimizers of Iy, (M) form a minimizing sequence for Is(M), so when M is large compared to %, compactness is lost
and mass splits off to infinity as described in Theorem I.1.

Proposition 1.3. Let Z, — 0 and

z,
E

Va(x) = Vir(x) + (1.12)

with0<v<1,and & = ZkK:o‘xk- Let u, minimize Iv,(M), n € N. Then,

(1) {un}nen is a minimizing sequence for Iy,,.
(i) Either M € M v,, or splitting occurs with m® > Z.

The nonlocal term in &'y, exerts a repulsive effect on the components ', while the vanishing long-range potential provides some degree
of containment. The combination of attractive and repulsive terms generally leads to pattern formation, at a scale determined by the relative
strengths of the competitors. This phenomenon has been identified in nonlocal isoperimetric problems (such as the Gamow liquid drop
model, see Refs. 9 and 10).
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1
However, for potentials V,, of the form (1.12), the interactions between the fleeing components u' appear in the energy at order Z)—.
Thus, we require some information about the spatial decay of the minimizers of &'v, away from the centers of the support in order to control
the errors in an expansion of the energy in terms of Z, — 0. In the liquid drop problems, the splitting is into characteristic functions of
disjoint bounded domains and this issue does not arise. In order to calculate interactions, we require exponential decay of the solutions,
which is connected to the delicate question of the Lagrange multiplier y. In particular, we obtain exponential decay when y < 0,

lu(x)] < Ce ™,

for any 0 < A < \/=p. As the energy value Iv(M) is strictly decreasing in M, we have 4 < 0 and in fact we would expect that 4 < 0 should hold,
if not always, at least for all but a residual set of M. It is an open question whether y < 0 holds whenever M € .# . The strict negativity is
known for the cases V = 0 with sufficiently small mass or with V' = Vp with M < 2 + x with x = x(Vr) > 0 (see Proposition I1.2).

We may now state our result on the distribution of masses in the case of splitting. First, we define

My ={Me A vy : every minimizer u of Iy (M) satisfies (1.6) withu < 0}. (1.13)

Theorem 1.4. Let u, be minimizers of Iy,(M) with V, satisfying (1.12) with 0<v<1 and Z, —0. Let N, {m'}N, and
{30} wets - -+ {%0 }eny be as in Theorem L1. Assume N > 1 and m® € LA, Then, up to a subsequence and relabeling, either

(i) m’>Zand

[ . .
Zixy —> 9y, i=1,...,N,

where (y', . .., y) minimizes the interaction energy
i N i N i
N mm 0 m m
FN(momlmmN)(wl,...,w )= Z %+(m —g)z - —Z -
1<i<j [w’ = wl Pl (T Bl (A
over
1 N 3 N i
ZN::{(w,...,w ) € (R\{0}) :w';twj}
or )
(i) m’=22"x—>0and if N > 2 we have
JD S .
Zy ' x, >y, i=2,...,N,
where ()%, . .., y) minimizes the interaction energy
! N i N i
N m'm! 1 m m
Fnm ... oy (W5, w™) 1= tm - Z -
2<i<j [w’ — w pec (o B (T
over

v = {@h L w) e ®RVODY T w2 )

Remark 15. 1. The degenerate case m® = % is very delicate, as the term measuring the repulsion between the weakly convergent com-
ponent supported near zero and the diverging pieces is nearly exactly canceled by the attractive effect of the nuclear potential Vrp. Thus,
the error terms in the expansion of the energy may exceed the principal term creating a net repulsion (or attraction) to the nuclei which is
difficult to estimate. For instance, if N = 1 and only one component splits to infinity, then all we can say when m® = % is that it diverges at
a rate much slower than Z_i. In some sense, there is no natural scale for its interaction distance to the nuclei. For this reason, we believe
that in fact m® > 2 but have no proof of this conjecture.

2. If m® = %, thenm® ¢ M 3, automatically [see Proposition I1.2 (ii)].

3. The proof of the compactness of all minimizing sequences of inf Fy (0 i . vy and inf Fy (1 p2.. vy follows with little modification from
the proof of Ref. 9, Proposition 8.

4. By Theorem L1, each of the components u' shares the same Lagrange multiplier y, and hence it suffices that any one of the components
satisfies (1.6) with u < 0.

5. We do not know whether the condition y < 0 could be improved. We use u < 0 for uniform exponential decay of the functions u, away

from x%, but some weaker uniform decay away from the mass centers may be sufficient. However, it is unclear how rapidly minimizers of
(1.1) decay when y = 0.
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Finally, we note that the specific choice of powers p = X and g = § in the nonlinear potential well W (x) = ¢;|uf’ - c2|u|? are physically
appropriate for the TFDW model, but from the point of view of analysis, other choices are possible. Indeed, most of the results of this paper
may be extended to the case 2 < g < 3 and g < p < 6. However, for g > 3, the behavior of minimizers may be substantially different: in such
case Iy (M) = I}'(M) may vanish identically and minimizers may never exist for any M > 0 (see Lions’ for various examples). Thus, it is not
sufficient to have potentials W with a “double well” structure to observe the properties of TFDW minimizers; the relationship between the
powers appearing in the functional is of importance, as well.

Il. BOUNDEDNESS AND DECAY OF MINIMIZERS

In this section, we prove various basic properties of Iv(M) and its minimizers and we discuss the role of the Lagrange multiplier in the
decay of solutions.
The following properties are well-known for variational problems of the form (1.1):

Proposition I.1. Let V satisfy (1.2).

(i) Forany M > 0, Iv(M) < 0, and is strictly decreasing in M.
(ii)  The following “binding inequality” holds for any 0 < m < M:

Iv(M) < Iv(m) + Iy(M — m). (2.1)

(iii) If Iv(M) is attained at u € SH(R?), then u solves (1.6) with Lagrange multiplier y < 0 and we may take u > 0 in R>. It is possible to
choose u>0if V.= Vrpor V=V asdefined in (1.5).

Proof. Statements (i) and (ii) can be proven as Lemma 5 of Nam and Van Den Bosch.” With regard to (iii), (1.6) corresponds to the
Euler-Lagrange equation associated with Iy(M), while u < 0 due to Iyv(M) being decreasing in M. We may take u > 0 in R® as Iy(M)
= &v(u) = &(|u). Finally, for potentials of the form Vg or as perturbed in (1.5), the positivity of minimizers follows from the Harnack
inequality. O

When the Lagrange multiplier 4 < 0, we obtain exponential decay [see (66) in Ref. 3]: for all 0 < A < /=g, there exists a constant C with
|u(x)| + |[Vu(x)| < Cce™, ae in R (2.2)

A categorization of the potentials V and masses M for which g < 0 remains an important open question. The following proposition gives
various criteria under which the Lagrange multiplier u < 0. We recall the definition of .# §, in (1.13).

Proposition I1.2. (i) For V =0, 3M > 0 so that if M < M, then M € .4 3.
(ii) For V > Vrp satisfying (1.2), Ix = k(Z) > 0 so that if M < Z + «, then M € A y,,.
(ili) For V with long-range decay (1.4), every M € A 3.
(iv)  For V satisfying (1.2) such that

E:= inf{/R}(\Vuf —Vih)dx:ue R, vl 22 = 1} <0, (2.3)

there exists My > 0 so that if M < My, then M € 4 3.
(v) For

g 43 . 3
V(x) =Y ——,ae in R,
i =l

with {ock}lk(:l c R*, {rk}],f:1 cR?, and 0 < 1 < 2, there exists My > 0 so that if M < My, then M € 5.

Proof. To verify (i), suppose that  is a minimizer. Equation (1.7) corresponds to the Euler-Lagrange equation associated with Io(M).
Regarding the strict negativity of y, note that from (1.7),
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- 24 2 g2 :
UM = fRJVu(x)I dx + 3C1fRS|u(x)\ dx 3cszs|u(x)\ dx

/%fRs“ |(;C)”y| 2.4)

Moreover, since Io(M) = &o(u) and ||0% u(0~)\|i,z(R3) =Mforallo >0,

dd (€00 uto)]|

W)
_2f |Vu(x)| dx+2c1/ lu(x)| > dx—czf [u(x)|? dx+2/l;§3/]R3 Py

or, equivalently,

fclf Ju(x)| > dx——ff |Vu(x)| dx+fczf |u(x)| dx
fgff"(;ﬂ dxdy. (2.5)

Then, inserting (2.5) into (2.4) gives

_ 2 2, 1 g W (x)u? (y)
M = 3,fR3|Vu(x)| dx 2CZ[R3|L¢(9C)| dx + — /]1;3/]1%3 ]

We conclude by noting that, by Hardy-Littlewood’s inequality and the interpolation inequality in Lebesgue spaces,

f]l§3fR3u|(; ly<C %f|ux)\dx

We observe that the Pohozaev identity associated with (1.7) does not bring new information about .
Statement (ii) is Theorem 1 by Le Bris,* and (iii) is Theorem 2 of Alama-Bronsard-Choksi-Topaloglu.®
Statement (iv) follows by the same reasoning as in the proof of Lions (Ref. 3, Corollary II.2). Finally, (v) is a consequence of part (iv).

Indeed, note that the .#?-norm in R? is invariant under the transformation u ~ u, := o> u(0-). Therefore, we can prove Eq. (2.3) holds by
first fixing any u € 2" (R?) with ||u]| 42(gs) = 1, and then taking o sufficiently small so that

/RS(|VL£U|2_Vuﬁ)dx:/ [ |Vu@)]* - o Z ‘ u (x)]dx<0

(|

We will require the following basic energy bound in many of our proofs. This result is proven in Lemma 6 of Alama-Bronsard-Choksi-
Topaloglu,” although there it is stated for minimizing sequences, it is clear from the proof that in fact it applies to any function with negative
energy.

Lemma I1.3. Assume V satisfies (1.2), and u € (R with HuHiﬂ(Rg) = M and & v(u) < 0. Then, there exists a constant Cy = Co(V) > 0
such that

u H%RM/;[W "0y Y dedy+ /RJV(x)uz(x)deCoM. 2.6)

=yl
Remark IL4. Note that boundedness of a sequence {u } ery in Z€* (R?) implies boundedness of the same sequence in £ (R”) for2 <r < 6.

The following is stated as part of Proposition 1.3, but its proof only depends on the bounds stated in Lemma I1.3, and the result will be
needed below.

Proposition IL5. Let u, minimize Iy, (M), where V, is as in (1.12). Then, {un} ,e is a minimizing sequence for Iv,.(M).
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Proof. Let {u,} be minimizers for Iy,, n € N. First, note that V| > V,(x) > Vrz(x) for all x, and hence
Ev,(un) < Ev,(un) =1Iv, <Itp <0

for all n. Applying Lemma IL.3 with V = Vi, the sequence {u,},y satisfies the bounds (2.6) uniformly in n € N. Next, we observe that
3
|x| ™" € Z;DC(R3) for 0 < v < 1, and thus

2 2
[ <z, [ Dz, [ o ds
R [x]” B |x]” R\, (0)

™ +ZyM

2
< Zalunl e I 3 5,

< CZn |Vt |2y + ZuM — 0.
In particular, &v, (us) = & v, (1) + 0(1), and therefore we may conclude

Iv, <liminf & v, (4,) = lim inf v, (4,) = lim inf Iy, <lim sup Iy, < Iv,,.
n—oo n—oo n—oo

n—oo

(|

Lemma 11.6. Under all hypotheses of Theorem 1.4, we have that, up to a subsequence, for all 0 <t < /=y, there exists a constant C
independent of n with

—ta,(x)

0 < |un(x)| + |[Vua(x)| < Ce ,ae.inR>, 2.7)

where
0n(x) := min|x — xi,\,
0<i<N
and x,, are as in the Concentration Theorem I.1.

Proof. By Proposition I1.1 (iii), we may take u,(x) > 0 in R?. Alama et al.’ proved that

5 4 4 2 _
- Auy = (#n—gcmé +§czu,3 +Vn—uf,*|-| l)un (2.8)

for some y, < 0. In addition to this, by the final step in the Proof of the Concentration Theorem I.1, the Lagrange multipliers y, — y converge.
Fix t € (0, /=), then for all n sufficiently large,

1 4 2
—Auy + Puy < [E(t2 +u)+ gczu;]un.

Moreover, by Lemma I1.3 and Eq. (2.8), we have that {u, },c is bounded in 52 2(R?) and hence in 2> (R?). Therefore, we can make use of
Theorem 8.17 by Gilbarg and Trudinger'' to obtain

[unll 2=, < Cllttnl | 2,00 < Clltnl 2 @By ¥ € RO\ UBRGE), R > 1,

where C is a constant independent of #, R, and y. By covering R\ U Bg(x};) with balls of radius one centered at points in the same set, we
obtain
||u”H$°"(]R3\uBR(x£X)) < Cllun|| 22 ®o\0Bg (1 )-

On the other hand, by Proposition IL.5, {1y}, is a minimizing sequence for Iy, (M), and hence the conclusions of Concentration
Theorem 1.1 hold. In particular, this implies that given € > 0, there exists Ry = Ro(€) > Lsuch that

i=0,...,N, R>Ro,

H”iHiﬂ(RﬂBR o) < i»
/2 N+1

and (1.8), (1.11), Rellich-Kondrakov theorem, and the decay of all u' (2.2) ensure that, up to a subsequence,
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un (- +xi,) > in fZ(BR/z(O)), i=0,...N, R>Ry.
As a result,

. 2 . 2
Jim [lenl[ ‘2 @o\Byyo) = M = B [|nll 220000

N .
= M~ lim 3 [|un(x + )|t 00
i=0

N
i)2
=M= W[ 22wy, 000
i=0

23

2
22(R3\Bg»(0)) < €-

M=

Il
o

1

Then, given any € > 0, by choosing Ry = Ry(€) larger if necessary, we have
lim SuPnaoo||”n‘|$°°(R3\uBR(x;)) <€e,R >Ry,

and hence for large enough n and R,
—Auy + Puy < 0,a.e.in Rs\ U Br(x).

Next, it is not hard to check that

2

—AeT 4 e 5 0,q.e.in R3\ U BR(xi,)

and that there exists C > 0 so that
—tR —to,
un|au3R(xvn) <Ce ™ =Ce” (x)|3UBR(x‘n)-

Thus,
—Alun(x) - Cefm”(x)] + tz[un(x) - Cefw"(x)] <0,a.e.in ]R3\ U Br(x},).

At this point, we would like to invoke the maximum principle to assert that u,(x) is dominated by the supersolution v(x) = Ce " in the
domain Q, := ]R3\ U Bg(x},). As the domain is unbounded, this requires some care, but applying Stampacchia’s method as that of Benguria,
Brezis, and Lieb (Ref. 12, Lemma 8), we obtain the desired bound,

0 < uu(x) <wv(x) = Cefw“(x), x € Q.
The estimate on |Vu,| then follows from standard elliptic estimates (see, for instance, Theorems 8.22 and 8.32 of Ref. 11). O

At this point, we would like to note that the functions 4’ decay to zero at infinity, even if m° ¢ .# Vi~ This follows from
Proposition II.1 (iii) and Theorem 8.17 uniformly by Gilbarg and Trudinger,'' again.

lll. PROOF OF THEOREM 1.2

The Proof of Theorems 1.2 and 1.4 rely both on the splitting structure given in the Concentration Theorem L1 and on the idea that,
when calculating the interaction energy between very widely separated components u'(x + x,,), only the mass m' and centers x,, enter into the
computation at the first order. The following simple lemma makes this precise, at least for compactly supported components:

Lemma III.1.
(a) Letv',v* € A (R?) with compact support, supp v' c By({'), i=1,2, with1 < p < IR R= [¢" = | > 0. Then,

f f ' PO dy - [0 |2y *
BB, |x -y ¢t - ¢

2
LR

4p. 12 292
< ﬁ”“ L2 10" 22 @)

(b) Letv e S (R) with compact support, supp v < By({), with 1 < p < R = [{|. For any v > 0 and fixed vector r € R* with 0 < |r| < 1R,

<C-L v

2
v Ry V122 (R

X
@ |x—rl ¢l

f [v(x) d HUHZzZ(Rﬂ
B,
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Proof. These follow from the pointwise estimates,

1 1 < 2p 4p
=2 kol T ®R=pr TR

1 bp P
i < <Co==>
‘IC" b= P = Q2= p =T = ORI

for all x € By({'), y € By(¢%),and 1 < p < IR. -

Unlike the case of the Gamow liquid drop problem, our components ' are not of compact support, so we need to resort to truncation.
This will prove effective provided we are in a situation where the minimizers u' have exponential decay. To generate localization functions,
fix any smooth ¢ : R — [0, 1] for which

o] =1L Gl1100) =0, (¢ g < 2. (3.1)

We are now ready to prove Theorem 1.2 and Proposition 1.3 on the size of the compact part of minimizing sequences. The argument for the
first theorem is similar to Lions’ proof of existence of minimizers® for TDFW with M < %

Proof of Theorem I.2. We write the potential V = Vr + W, where W(x) > 0 and W satisfies (1.2). To obtain a contradiction, assume
{u,,},,EN is a minimizing sequence for Iy(M) for which there is splitting (i.e., N > 1 in Theorem L1), but 0 < m® < Z. We let v, m' =
'] ‘w2®ey i = 0,..., N be as given by Theorem 1. Fix N distinct unit vectors ¢' € R?, and for p > 1, define ¢’ by

q =0, qlzpzel, qi:p3ei,i:2,...,N.
Then, we define the truncated components,
U;(x) =¢(x—g|-p+ D' (x—q), i=0,...,N.

That is, each U’ has been truncated to have support in the ball B,(q").

As m® < %, by Proposition I1.2 (ii), 4 < 0 for all Lagrange multipliers corresponding to u', i = 0, . . ., N, and hence the exponential decay
estimate (2.2) holds for all of them. Let A = 1, /= for simplicity. Then,

mh= 10y < [ WGPde = m' — 0™
B,(q)

and
Ev(UN = Ev) +0(e™),  &o(U)) = Eo()+0E™), i=1,...,N.
Let wp := Uy + ¥, Uj. As ||wp\\i,z(R3) < M; by monotonicity of Iv (M), we have
Iv(M) < Iv(|lwp | %)) < Ev(w,)
U @PU0F
<EVUD+ Y Eo(U) + f / dx d
v Z 0 ,Z; s @ k- 7
xt)
N . 3
- ZfB( V@ W)U )P dx + O ™)
i=1
LAGIRIAE
= Iy(m®) + S Io(m') + / f B0 v (3.2)
v ZO Z; B@) B x—)l 4
N . 3
= f [Vre() + W) |UL@)P dx + O(e™).
i=1 Y By(q)
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Next, we use Lemma IIL1 to evaluate the interaction terms. Note that R” = |¢' — ¢/| is of order p* when i = 0, j = 1, and of order p’

otherwise, and 0 < m' — m;’; < O(e_)‘p ). Thus, we have

0,1
UL P U ()P MM L op™), ifitj=1
f f ————"—dxdy={ p?
Byl =5l O(p73), otherwise,
andfori=1,...,N,k=1,...,K, we evaluate the interaction with Vr by
_ 1
/ |Us(x)? —+0(p7), ifi=1
— Lk
) e = 0™, ifi> 2.

Substituting into (3.2), and using W > 0, we obtain the strict subadditivity of Iv(M),

2
i=1 P

N
Iy(M) - [Mm") + > Io(m

‘ 0,1 _ 1
z,]gf'”"i‘”mw(ps)w,

for all p sufficiently large, since we are assuming m® < %. However, this contradicts (1.10) in the concentration theorem, and thus m' > &,

and the theorem is proven.

(|

Proof of Proposition 1.3. In Proposition I1.5, we have already shown that any sequence of minimizers u, of Iy, forms a minimizing

sequence for Iv,,. Part (ii) then follows from Theorem I.2.

IV. PROOF OF THEOREM 1.4

|

The Proof of Theorem 1.4 is more intricate than that of Theorem 1.2, as it requires us to make a finer estimate of the smaller order terms

in the expansion of the energy.

By (i) of Proposition 1.3, {uy } e is @ minimizing sequence for Iv,, (M), and hence the conclusions of Concentration Theorem 1.1 hold.

We assume that there is splitting, that is N > 1, and let o', m' = ||u/ ||§2(R3), and «}, (with xJ =

0) be as in the concentration theorem. By

hypothesis, the common value of the Lagrange multipliers of the limit components u' is negative, y < 0. .
As in the Proof of Theorem 1.2, we construct comparison functions by localization to balls with centers g’ spreading to infinity. However,
we have little control on the errors introduced by the passage of u,(- — x;,) — u’, and thus we use truncations of the minimizers u, themselves

to make these constructions.
Set

Ry = m1n|xn ).
0<i<j

Consider also a sequence p, — oo and translations {g} = 0} erys - - - »

1
1<pn< 1 min{Ry,, Qu},

Using the same cutoff functions ¢ defined in (3.1), we then set

Xeu () = ¢(|-| = pu + 1),

G () = X, (- = %) (),

where Q, := min | g}, —
i<j

(4.1)

{gN }nen € R? (all to be chosen later) with

. (4.2)

(4.3)

and H,i(-) = G;(' +x; - qi:)-

Thus, G}, are compactly supported in balls B, (x},) centered at the xi,, chosen by the concentration theorem, while H}, are the same functions
but translated to have centers at g,,, which we will choose to create appropriate comparison functions. Set

My = ||GizH,2‘ﬂ(JR3) = HH;‘|,2Z)Z(R3)-

We first confirm that these truncations provide a good approximation to the limit profiles «' in the 2% sense.
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Lemma IV.1. For any p, satisfying (4.2),
L i in2
lim m,=m = Hu HJZ(R3).
n—oo

Proof. First, it is easy to show that G, (- + x}) — u/,i = 0,...,N weakly in 5" (R?), and in the norm on .Z}, (R?). As a consequence,

m' = |u; QZ(Rs) < lim inf m},. (4.4)
n—oo

To obtain the complementary bound, we note that >N G} (x) < u,(x) pointwise on R?, and since the supports of the G}, are disjoint, we have

2

N N
lim sup )" m, < | unH_zgz(Ra) = Z <> lim infm, < lim 1nfz m,.
i=0 i i=0

n—oo i=( i=0 " n—oo

In partlcular the limit M = limy, 0o Y%, exists. Since individually the terms are bounded below via (4 4), we claim that each of the terms
m, - m',i=0,...,N.Indeed, for any € > 0, there exists K > 0 for which Z, oMy < M + e and for any i, m;, > m' — ¢/N, whenever n > K. Thus,
for each j, we have

mn+Zm —e<2mn<2m +e
i%j
and so mJ, < m + 2¢, for all n > K, that is, lim supn_,oomi, < m', for each i, and the claim is proven. O

Since we are assuming 4 < 0, the exponential decay of u, away from balls By, (x}) allows us to localize the energy &v, (u,) with an
exponentially small error.

Lemma IV.2. Let p, — oo with p, < 4Rn Then,

|Ghx))®

[x]”

N .
Ev,(un) > Eve(Go) + 3. &0(Gh) -znfR}

i=1

m,m;,

+ - - — €L,n>
15 ‘x:‘ _x£| ( )Z |xn| Z 1|v n
where
Z _E
len| <C(£§ + R’;ﬁf +e 2 ””), (4.5)

as n — oo, with C depending on {m'} and %, but independent of {x!,}.

Proof. By Lemma IL6, for sufficiently large #,

N .
<C T, xe, = R\ B, (1),
i=0

Un(x) — Z Gn(x)

i=0

where 0,(x) is as in Lemma IL6. This together with (2.7), (2.8), un — y, Lemma IL3, ||Vyn,p,

derivatives imply
N
‘V(un(x) - Z GL(x)) < Ce
i=0

2=®) < 2, and Holder estimates for first

VR

—Tan(x)
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As G(x) = up(x) in By, (%) and has support in Bpn+1(xi,), the contribution to the energy is unchanged in U;B,, (x}) and is exponentially small

_E
in the complementary region, ,. Moreover, the energy density is integrable over Q,,, and of order €1, = O(e” "z ). Hence, we calculate

i J 2
c?v,,(un)=z f / |Gix ‘G )l ————————dxdy + €1
i= i B I, -yl
0 |G91(X)|
:ger(Gn)—znfB o B dx
Pn

N iR
+Z|:£’0 f V(x)|Gh(x)|*dx — an , |G|")§|i)| dx]

By, (x})

|Gu )P [GL )
+ ———————"dxdy + €1n .
/B L (x0) ﬁ; e |x - y| yren (4.6)

0/.\2
[Gu () dx

_gVTF(Gn)+Z<§‘o(Gn) Z”fwo) ot

i ] 2
/ f |Gu PG| [GAFIGOI 4, 4
B,, (x) JB,, () |x = y|

SE G GioP
S ¥« dx - Z/z; w dx + €1

i=1 k=1 Re |x = 1y [x[*

Now, we apply Lemma IIL.1 to evaluate the interaction terms. In this way, we have

i 2| A 2 i L
/ / |Gn(-x)| ‘Gn(y)| dxdy> mnrn/n 4}1’1;1’1’[],,&2,
By, (i) JB, (d)  x =y Ixn A Ry

Gi(x m
Gy () <Moo pz,
Re |x 72rk| I n| R
Gi(x m,
f | ) dx < "+Cv i Pnl'
B, (xi) |x| x| "RY
By substituting these estimates into (4.6), we arrive at the desired lower bound. O

Next, we create an upper bound estimate on the minimum energy by moving the localized components H;, (which are simply translates
of Gi,) to study the role of the x;. That is, we consider a trial function w, = ZﬁOH;, which has the same localized components as u,,, but with
centers ¢.,. The advantage of this over the upper bound constructed for the Proof of Theorem 1.2 is that the terms of order O(1) will exactly
match those in the lower bound given by Lemma IV 2.

Lemma IV.3. Let {pu}nen € (1,00) and {q) = 0} pens - - -» {qh neny € R satisfy (4.2). Then,

|G0(x)|2
v, () < Evip (G) + Z of e
mim)
62,n>
1<i<j<N |qn —an ( )Z |‘1n Z ‘qn|v

where Z

nPn —L

|e2n\<c( & ;v e ””"), (4.7)

as n — oo, with C depending on {m'} and 2, but independent of {g.,}.

Proof. Set

As 0 < wn(x) < uy(x) for all x € R?, ||w, \|?Z;Z(R3) < |lun ||?ZZ(R3). By the monotonicity of Iy, (M) [Proposition IL.1 (i)],
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&v,(un) = Iv,(M) < Iy, ( ) < Ev, (w).

Using the support properties of H}, and recognizing & v, (Hp) = & v, (GY), &o(HL) = &0(G)), we expand as in the Proof of Lemma IV.2 to
obtain the desired upper bound. O

By matching the lower bound from Lemma IV.2 with the upper bound from Lemma IV.3, we conclude for any choice of py, {4"}
satisfying (4.2), we have the following bound satisfied by the translations {x}, },

mimj N mi
e (k- 23 Zﬁ

1<i<j<N |xh — X

i),
h 1<i<j<N |6]i1 - q’nl
where €1, €2, are defined in the statements of Lemmas IV.2 and IV .3.

In what follows, we exploit the freedom we have of choosing vectors ¢ and radii p, to prove Theorem L4. First, we must find the correct
scale for the diverging centers {x),}. We define

+ (= )Z

Z ~ + e+ e, (4.8)
AT |qn|

R} := min |x,,|
1<i<N

and for N > 2,

. J
Ry = 1<rg§r<1N|x,, X

By Concentration Theorem 1.1, each diverges to infinity, and moreover R, = min{in,RE,} [see (4.1)]. By passing to a subsequence and
reordering the components if necessary, we may assume that the first diverging center is the closest,

lxn| = R), VneN.
Lemma IV 4.

(@) If m®> Z, then
lim infR,Z,}~ > 0. (4.9)

n—oo

(b) If N >2andlim sup E > 0, then there exists a subsequence for which (4.9) holds.

n—>00

(c) IfNZZcmdﬁ—: — 0, then
1
lim infR,Z,)™ > 0.

n—oo

€ . .
Proof. First assume m® > 2. To derive a contradiction, assume that (along some subsequence) R,Z,™ — 0. Choose g;, = Rnp', for dis-
tinct fixed vectors p’,i=1,...,N, and po = 0. We also denote by y;, = R\« By the definition of R,, we have |y,| >1foralli=1,...,N, and
[y — ¥, = 1 forall 0 < i < j < N. Extracting a further subsequence if necessary, we may assume that either

lya| = 1 or there exists io, jo # 0 for which [y? — | = 1, ¥n € N. (4.10)

Set pn = /Ry, and so (4.2) is satisfied for these choices, and in fact Ry€1,, Ru€2, — 0, where €14, €2, are the remainder terms defined in
Lemmas IV.2 and IV.3.
We multiply (4.8) by R, to obtain

ml,m N m

m
i T (m?, N "?’)Z 7:[
1<i<j<N [V = Vil = bl
i N i
<X M (- )3
1<igen P _PJ| il
o (4.11)
Zan VZ i :, ﬂ;ln +Rn€1n +Rn€2n
i lp | =l
j N i
mnmn 0 my
< - — +(m, - & +0(1),
1< P - P (i )Zl Ip'|
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as Z,R)™ — 0 by the contradiction hypothesis. Assuming that [y — y/| = 1 is chosen in (4.10), we then obtain

o mhn,
iy, ;< +o(1),
L s
which holds for all n and any choice of vectors p'. Since m!, » m’ > 0, we obtain a contradiction by choosing |p’ — p/| (with 0 <i <j < N)
sufficiently large. If the choice in (4.10) yields |y4| = 1, we instead have

\§-

(my - Z)ymy< > iy

155 P -

g - 2B

As we are assuming m° = lim,—.comy > Z, we arrive at the same contradiction as above, choosing [p' - p/| (with 1 <i < j < N) sufficiently
large. This completes the proof of (a).

For (b), we assume N > 2 and there exists a subsequence and r > 0 for which R® > R, but R,,Z,,‘T" — 0. Recall that R,, = min{Rﬂ,ﬁn},
and so

min{r,1}R, < Ry < Ry,

and so each of RY, Ry, Ry is of the same order of magnitude. As in part (a), let y}, = R;'x’,, g, = R,p’, and choose iy, jo for which |x* — x*| = R,
Note that

i >m1n{1 r}.

n

Again, multiply (4.8) by R,,, and pass to the limit as in (4.11) to obtain

l 1 N 1
ln <Z my n ( ):ZI‘J_I_O(I

n

‘MZ

Il
—

min{l,r}m;" ml + (mg - )

for all n and any choice of vectors p. Since m), - m’ > 0 and m’ > 2 by Theorem 1.2, we obtain a contradiction by choosing vectors p' with
|p' — p’| sufficiently large.

R .. 5 = .
To prove (c), assume =~ 0, and suppose (for a contradiction) that R,Z,™ — 0. First, we note that

i i 11 i1 1 17 .
| = [ — i + x| > | — xn| =[x 2 Ru = R > = 2 2> x, iz2,n> 1,
and so only one of the centers is much closer to the origin than the others, |x;| < R, < |x}|, foralli=2,...,N.

Choose cutoff radii p, in Lemmas IV.2 and IV.3 with R(,), K pp < R, for instance, Pn=y ROR,.. Note that the ball By, (0) now includes
both x% = 0 and x,. In particular, when defining the disjoint components G;, H), with R, and p,, we no longer have a component with i = 1,
but the i = 0 piece accounts for the mass concentrating both at the origin and at x5. In particular, we will have

02 02 0 1
|Gn ||L2(R3) = |Hul'2msy =m” +m” +0(1) > Z. (4.12)
In this way, we return to the same situation as in part (a), but where R, replaces R, as the decisive length scale. As in (a), we choose distinct

vectorsq’ = 0and ¢',i = 2,.. ., N, and set p!, := R,q', and (as before) y}, = x},/R,. Modulo a subsequence, either there is a pair with [y — | = 1,
(i0sjo > 2) or ip > 2 with [y | = 1, Vn. Then, we multiply (4.8) by Ry, to obtain

i N i N i
m"mln. + (mo +m' - F+ o))" —,” Z.Ry n:”
2<i<j |yln *)/| = Il = bl
N i Nom B
m’+m' — Z +0(1))> — - Z,Ry L+ Ry€1,n + Ru€om,
2;;] lp' P]| ( ); o Sy

where €, and €,,, satisfy (4.5) and (4.7) for ﬁn,f)n replacing Ry, py. In particular, Ru€1, Ru€r — 0. Employing the contradiction hypothesis
_ - ) ;
R.Z)" — 0and the choice of Ry, ps, we deduce that (in the case |y — y)| = 1)
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Nm;l

m m° < > m,,m,, (mo+m1 - .fZ’+o(1))Z— o(1)
s P - = 1Pl
or (in the case |y [=1)
o . ) mi mj N l
(m’ +m' - Z)ym"® < non +(m +m .@?+o(1))z " 4 o(1).
i=2

In either case, we then arrive at the same contradiction as in (a), by choosing [p’ — p/| large enough, i # j

L
We now prove the main theorem on the convergence of concentration points at the scale R, = O(Z, ™).

Proof of Theorem 1.4. Let u, attain the minimum in Iy, for each n — co. Applying the Concentration Theorem 1.1, we obtain values of

N, masses m°, ..., m", and translations {x}}.
For part (i), we assume m” € . {;,_and m® > 2. For any choice of N and masses m’, . .., m" with m® > 2, all minimizing sequences

for Fy ... mvy(w',...,w") on Zy are convergent. This follows by exactly the same argument as in the Proof of Proposition 8 of Alama

etal’ Let (a',...,a") € T be such a minimizer,

,mw)(wl,. .. ,wN) <0.

1 N .
Fxmo,...ovy(a@,...,a") = min  Fy o, .
(wl,...,wN)eZy

Define &, := Z}~ x,. By Lemma IV .4, |£, |&} — &| > ¢ > 0 are bounded below for eachi = 1,...,N and j # i.

Set
__1 : [ W
pni=2,""" and q,:=2,"a

Then, by the Lemma IV .4, up to a subsequence,
1 < py < —min{|q, — |, R},
4 i<j

so that Eq. (4.8) holds, and

J

i N i N
> g - 2 - Y

1<% & - &) pu [ R [ 28
D L A )i Z T (e + ), (4.13)
N 1<i<j |a' - | ! 7 ol ‘“l‘v e .

L L
where ¢, and &, satisfy (4.5) and (4.7), respectively. In particular, Z, '™ €4, Z,, ™" &€, — 0.

In addition to this, by Lemma IV 4,
o i
lim inf|&, — &,| > lim infZ) ™ R, > 0. (4.14)
n—oo n—oo

By LemmaIV.1, limy—oom’, = m' and hence applying (4.13) and (4.14), we obtain

. N
lim sup FN’(mO’_”‘mN)(E:l, &)

i N i
—limsup[ > ity (m(,)l—ﬁ;}”)z| _

&l
n

=N
i
L

&

. M =

3§“‘
S

1<i<j<N & - fﬁ,| =1

n—oo

M=
EE
I
=
el
| W

Il
—

|all”

Il
—_

mi,m,
<limsup| ]+(m?,—2’)
n—oo 1<i<j<N |a —a ‘ i
N
= FM(mo,m,mN)(a sy )
= min Py, @', 0. (4.15)
(wl,...,wN)eZy
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Therefore, {(£}, ..., &)} penis a minimizing sequence for Fy (0, . ) in Zy, and by Ref. 9, Proposmon 8, & = x,,Z1 vy i= ., N, with
(S yN ) a minimizing configuration for Fy s, . ~). This completes the proof in case m’ > %,
1
Now consider (i), for which m® = 2. We first show that |x}| < Z;. Indeed, assume the contrary that, up to a subsequence,
|x| Z)~ > ¢ >0 for all n. In case N > 2, by part (b) of Lemma IV 4, then R,Z,™ > ¢’ > 0. As in the proof of (i), define & .= xiZ7 then

, S
|&] 2 ¢,i=1,...,N, is bounded below. We also fix any distinct points p',...,p" € R*\{0} and ¢/, = p'Z;.

We now proceed as above, arriving at (4.13). Note that the inequality (4.13) holds for any N > 1. In fact, if N = 1, the inequality simplifies
significantly: the double sums are not present, and only the i = 1 terms remain. Passing to the limit as in (4.15) and recalling m, — 2, we

then have
. 1 N 1 N
lim sup FN,(Q",ml,...,mN)(En’ SR fn ) < FN,(@",ml,...,mN)(p -4 ))
n—oo
for any choice of distinct nonzero vectors p',...,p" in R>. Now, as the &, are bounded below, the left hand side of the above inequality is
finite. However, the function Fy (1, . is unbounded below, and thus we may choose p', ..., p" so as to contradict the inequality. We

1
conclude that |x}| < Z,;.

Finally, for m® = 2¢ and N > 2, we prove the asymptotic distribution of the concentration centers. For this, we return to the definitions
of Rn,pn in the Proof of Lemma IV.4 (c), in which we proved that Ry > cZ;". We recall that the components G%, H? defined in (4.3) (but
using p, in the cutoff yz,) will enclose neighborhoods of both x, = 0 and x;,, and hence their masses combine in Gj, H,, as in (4.12). By
the same arguments as in Ref. 6, Proposition 8, all minimizing sequences of the interaction energy Fy (1 n2... ¥y converge to a minimizer

O .. .,yN) € =y. Define ¢° = 0 and ¢, Z”’ ,i=2,...,N. Applying (4.8) with these choices, we have
Y q 4=y pplying
M+(m0+ml—ff+o(l))i m —Zni "lll"v
2<i<j | A = Ixl = |xi]
j N N i
iy +(m® +m' - Q?+o(1))zm" ~Zny. mv+€1n+€2n>
2<1<] |qn q]| i=2 | Vl| i=2 |Qn‘

with [as in part (i)] Z;" €1, Z, " €, — 0. Multiplying the above inequality by Z,~', we pass to the limit and obtain an inequality for
FN,(m‘,mz,...,mN)’

. = 2 N 2 N
Lim sup Fx gt mz,. oy Es -5 &0 ) S Enmtom, o)V 500,

n—oo

Again, the renormalized centers (&7, . . ., &) give a minimizing sequence for Fy (1 2, v and must converge to a minimizer. This completes
the Proof of Theorem L.4. O
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APPENDIX A: PROOF OF THE CONCENTRATION THEOREM

In this section, we prove the Concentration Theorem I.1. The use of concentration-compactness techniques in Thomas-Fermi-type
problems goes back at least to Lions,” for whom these problems were an important motivation for the development of the general theory. The
result of the Concentration Theorem L1 is essentially contained in the work of Lions,’ although not as a single theorem and with many details
left to the reader. Since we make extensive use of this Theorem in proving the main results of this paper, main results of this paper, we provide
a more complete proof here (with specific references to steps appearing in other articles).

Proof of Theorem 1.1. We first present the proof with V # 0; the case V = 0 requires only a simple modification. Let {u,},cy be a
minimizing sequence for & with |[ux % (&) = M. Since &y is coercive, {1 } ey is bounded in S '(R*). Hence, there exists u° ¢ ' (R?) and
a subsequence for which u, — u® weakly in ¢ (R?). At this point, it is not clear if u° is nontrivial; this will be shown later. Let m° := || u° ”,2272(]1{3)
and x5 = 0. If m® = M, then the sequence converges strongly in .22, and u° minimizes Iy(M), and the procedure terminates with N = 0.

If instead m° < M, we define the remainder 1 (x) := un(x) — u°(x + x%). Note that by weak convergence, | ul H;Z(R3> - M -m® and by
weak convergence and the Brezis-Lieb Lemma, the energy decouples in the limit (see Refs. 2 and 5),
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lim [y (un) = Ev(u’) = Eolu)] =0,

and thus
Iv(M) = lim Ev(uy) = Ev(@®) + lim (1) > Iv(m°) + Ip(M - m°).

By the binding inequality (2.1), we have
Iv(m®) + Io(M = m°) > Iv(M) > &y (1) + lim Eo(un) > Iv(m”) + I(M - m"), (A1)
and hence we obtain equality of each expression,

Ev®)=TIy(m") and lim &) = LL(M - m°),

n—oo

that is, the remainder sequence {1 },cy is a minimizing sequence for In(M — m°).
We next consider the residual sequence {u3},cy and show it concentrates after translation. First, we must eliminate the possibility of
“vanishing” in the concentration-compactness framework.® To this end, for any bounded sequence, we define (as in Nam-van den Bosch”)

w({vn}) = sup{Hv”2 |Elyn ¢ R’ and a subsequence such that v, (- — y,) — v in 7" (R3)}.

We claim that w({#3}) > 0. Indeed, applying Ref. 8, Lemma L1, if w({u}) = 0, then u2 — 0 in Z4(R*) norm, ¥2 < q < 6, so, in particular,
fR3(u2)§ — 0. In addition, by (1.2), we have fR3V |u9,\2 — 0, and hence Iy(M) = limy— oo &v (1) > 0, which contradicts Proposition II.1.
Hence “vanishing” cannot occur.

We can, therefore, choose a sequence x; € R® for which u)(- — x;) — u', for some u' € 7' (R?), with mass m" := |[u' ||372(1R3) > lo({uh})
>0.As u?l — 0, we must have |x}[| — 00. In case m® = M — m', the sequence converges strongly in %2, and u! minimizes Iy(M - ml), and we
obtain (1.8)-(1.11), with N = 1.

If m'<M-mP, we again define the remainder sequence, ul() == 18(x) — ul(x + 2. By definition, uh =0, u'(--xL)—~0, and
[ ”522)2(]1%3) — M —m° — m", and the energy splits

Eouy) = Eo(u') + Eoluy) +o(1).

By the same argument as in (A1), this implies that Eo(ul) = Iy(mY), Io(M - m°) = Iy(m") + Io(M - m® — m'), and {u:,}neN is a minimizing
sequence for Io(M — m® —mb). Substituting for Io(M — m°) in (A1), we conclude

Iv(M) = Iv(m°) + Ty(m") + Iy(M - m° — m").

We iterate the above process: for each k = 2,3, ..., we obtain translations {xﬁ} in R?, |x’;| — oo, functions u* € 3 (R?) with
k2 k 1 k-1
4" | p2msy = m" > Ew({un s (A2)

and remainder sequences

k-1

up () =l (00 — U (e 4 ) = un(0) - 10) - D W (x + X,

o

Il
—

1
satisfying

‘ k
u

n

2 k.
_ _ 0 i
fz(Rg)—M (m +§ m)+o(1),

i=1

uh(-—x§) ~ 0, weaklyin " (R?),
k
Iv(M) = Iy(m°) + ZIo(mk), and hence

i=1
Eo(u") = Iy(m").

Next, we show that |x¥ — xi,| - oo for all i # k. Suppose not, and take the smallest k > i for which |x* — x'| remains bounded along some
subsequence (so |x,, — x| = oo for all i < j < k). Taking a further subsequence, (xF — x') — £ for some & € R>. Now, note that u,(x) = u*(x)
+ Z]'f:m ! (x + x}) and hence

uh(c—x) = b (e — ) + (e - o+ 1) + 3wl (x - x, + x)). (A3)
j=it+l
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Since |x£, - x;\ —oofori<j<k, w( =« +x]) = 0, while uk(- —x o+ xﬁ) — uk(- +&). u],‘,(- —x.) = 0, and hence we pass to the limit in (A3) to
obtain u},(- — x})) — uF(-+ &) % 0, a contradiction. Hence, (1.11) is verified.

We claim that this process must terminate at some finite step k = N, for which M = m® + Zf\ilmi. Indeed, if m' > 0 for all i € N, since
M > Zf;omi for all k, we have limy_,oom" = 0. By (A2), we conclude that limj.ew({t},}) =0, ie., the remaining mass after k steps,
M - Zfzomi) may be made arbitrarily small. However, by the concavity of Io(M) for small [see Appendix or Ref. 5, Lemma 9 (iii)] there
exists M. > 0 such that minimizing sequences for Iy do not split for M < M.. This proves statements (1.8)-(1.10).

For V % 0, we now show that m° > 0, and hence the translations x?l = 0 are trivial in this case. Indeed, if m° = 0, consider the sequence
iy = un(x — x1). As & is translation invariant, and &v(u!) < &o(ul), a simple calculation shows lim,—c. & v (i1) < Iy, which is not possible.
For V = 0, the functional & is translation invariant. Hence, we may begin the process at the Step k = 1, defining w({u, }) and identifying
a first set of translates {x(,),} as above. By translation invariance, i1, = u(- — x,l,) is also a minimizing sequence for Io(M), and the weak limit
1° = w — limy_ 00 i1, Will be nontrivia_l. The rest of the proof continues as in the case of nontrivial V.

It remains to show that each u' solves the Euler-Lagrange equation with the same Lagrange multiplier y. By the Ekeland variational
principle'” (see also Ref. 14, Corollary 5.3), we may find a minimizing sequence {v, } ey, with vy, ;2(R3) =Mand || v, — un || 0, for which

the Euler-Lagrange equation is solved up to an small error in 7' (R?). That is, 3u, € R with
D& v(vn) — pnvn = 0 in 2 norm.
The Lagrange multipliers may be expressed as
nM = (DE v (vn), vu) + o(1)|vn]| s w3y = (DE v (Va), va) + 0(1),
as minimizing sequences are bounded. By Lemma II.3, |g,| is uniformly bounded, and hence (after extractlng a sequence) we may assume

yn — p for some peR. As u,(- - Xy~ weakly in HH(R?), the same is true for ¥, := v,(- — %)) — o', i =0,...,N. Hence, for every
9 G (RY),

(DE V() - uul’, ) = nlirgo(ng(ﬂn) — UnOn, @) = 0,
and similarly, Ddg’o(ui) - yui =0,i=1,..,N. O

APPENDIX B: CONCAVITY FOR SMALL MASS

We show that Io(M) is concave for small values of M. This is another property which the TFDW-type functionals share with Gamow’s
liquid drop model.

Proposition B.1. Io(M) is strictly concave for M sufficiently small.
Proof. Nam and Van Den Bosch” showed Io(M) is attained for M small enough by exploiting
Io(M) = inf{Fu(M);u € 7' (R°), ||ul| ooy = 1}, M >0,
where

5 2 2

M3 (Cu-M3D,)
FM)=-—F—F

4(Au+MB,)

with

Ay = fRslvu(x)Izdx, B, := clf3|u(x)l%dx,

ol pod [ ] A

Indeed, they proved M <« 1 — Io(M) is strictly subadditive by showing that M <« 1 +~ F,(M)/M is strictly increasing, uniformly in u. The
latter was established by making use of the inequalities

By <CMiA, Dy<CM3Cy ue ' (R). (B1)

(B1) follow from Holder’s inequality, Sobolev’s inequality, Hardy-Littlewood’s inequality, and the interpolation inequality in Lebesgue spaces.
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Then, let us fix any « € (0, 1), and M1, M, < 1. By (B1),

5 2 2
&F & MS(Cu—MgDu) B 2Gu(M)

-2 - , M<«1,
dM? — dM> 4(Au +M§Bu) 9M (A + M3 B,)3

where
Gu(M) = 14M: B2D? + M*(37A4BuD’. — 10B>CuDy) + M (27A2D? — 30A4BuCuDy)
+ M3 (=28A%CuD, + AB.C2) + 5A2C
> A2CH(—10M> — 30M* — 28M: +5) > 0,
uniformly in u. Therefore, F,,(M) is strictly concave for M << 1 uniformly in u. As a consequence, for some u* = t%qnm,,M,5

Io(aM; + (1 — a)M3) = Fys (aM; + (1 - a)M>)
> aF,+ (M) + (1 — a)Fyx (M3)
> alo(My) + (1 — ) Io(M2).

Since a, M1, and M, were arbitrary, we conclude that I is strictly concave for M <« 1. O
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